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Abstract 

The boundary conditions that exclude zeros of the solutions of the Witten equa- 
tion (and hence guarantee the existence of a 3-frame satisfying the so-called special 
orthonormal frame gauge conditions) are investigated. We determine the general 
form of the conformally invariant boundary conditions for the Witten equation, and 
find the boundary conditions that characterize the constant and the conformally 
constant spinor fields among the solutions of the Witten equations on compact do- 
mains in extrinsically and intrinsically flat, and on maximal, intrinsically globally 
conformally flat spacelike hypersurfaces, respectively. 

We also provide a number of exact solutions of the Witten equation with various 
boundary conditions (both at inflnity and on inner or outer boundaries) that single 
out nowhere vanishing spinor flelds on the flat, non-extreme Reissner-Nordstrom 
and Brill-Lindquist data sets. Our examples show that there is an interplay be- 
tween the boundary conditions, the global topology of the hypersurface and the 
existence/non-existence of zeros of the solutions of the Witten equation. 



1 Introduction 

It is well known that spinorial techniques, and in particular the Witten equation and 
the use of two- component spinors, greatly simplified the proof of the positivity of both 
the ADM and Bondi-Sachs energies, even in the presence of black holes (see e.g. jU |2]). 
However, spinors and the Witten equation play only an auxiliary role in the proofs. The 
only essential point in these investigations was the existence of the solution with given 
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asymptotic behaviour. The spinor fields could have zeros, and the zeros did not have any 
significance. 

A slightly different approach to the proof of the positivity of the gravitational energy 
was suggested in [3j . That was based on the tetrad formulation of general relativity, and 
to obtain a simple positivity proof a gauge condition for the orthonormal frame fields had 
to be imposed [H |5] . However, since there is a natural correspondence between nowhere 
vanishing spinor fields on a spacelike hypersurface and non-singular orthogonal vector 
bases (triads) there [6j, one could expect that the orthonormal frame gauge condition 
could be translated into the language of spinors. Indeed, this gauge condition has been 
reformulated in this way, and finding its solution is equivalent to finding a solution of the 
Witten equation with vanishing extrinsic curvature but, in general, with a mass term [7]. 
Thus the great advantage of the use of spinors is that while the frame gauge condition 
in its original form is a system of non-linear elliptic partial differential equations, in its 
spinorial form it is the linear Witten equation. 

However, the solution of the Witten equation can have zeros, which can even form a 
two-codimensional set jS]. Thus, to have a perfectly well defined frame field on a given 
domain, the spinor field should have no zero there. In [9j, it was argued that while spinor 
zeros could occur they are not generic, but no general guidance was given there as to how 
to know when they would or would not occur. Since the Witten (or, more generally, a 
Dirac type) equation is elliptic, its solution depends also on the boundary condition in an 
essential way. Hence the frame gauge condition consists not only of the elliptic differential 
equation on the spacelike hypersurface, but an appropriate boundary condition selecting 
a non-degenerate solution must also be specified. Thus, in the spinorial language, the 
question is: How to find the boundary conditions for the Witten equation that ensure 
the existence of a nowhere vanishing solution on the given domain? 

The existence of the global solution of the frame gauge condition could be a very useful 
tool in various problems in general relativity. In fact, this could provide a geometrically 
preferred rigid system of frames of reference on an extended domain of a spacelike hy- 
persurface, and the frame would be controlled only by appropriate boundary conditions. 
Thus from the point of view of applications, it is desirable to find the conditions that 
guarantee the existence of globally non-singular solutions of the frame gauge conditions, 
or, in other words, the existence of nowhere vanishing solutions of the Witten equation. 

Unfortunately, the general problem of finding the appropriate boundary conditions 
appears to be surprisingly difficult. On the other hand, there are still physically important 
special cases in which there is some hope of being able to clarify the boundary conditions 
for nowhere vanishing solutions. Such are the maximal, globally conformally fiat data 
sets, which include e.g. the Reissner-Nordstrom [TU], Brill-Lindquist [TT] and Bowen- 
York |[12| data sets. These data sets represent finitely many black holes with specified 
total mass and linear and angular momenta at spatial infinity. 

If the spacelike hypersurface is maximal and intrinsically flat, e.g. when the Cauchy 
data induced on the spacelike hypersurface are fiat (such as a spacelike hyperplane in 
Minkowski spacetime), then the gauge condition is expected to yield a constant spinor 
field. Thus the boundary condition in the general, curved case must have a form that 
reduces to the one specifying the constant spinor field in the fiat case. In fact, in the fiat 
case it is natural to expect the geometrically preferred orthonormal frame fields to be just 
the Cartesian ones, which are in a one-to-one correspondence with the constant spinor 
fields up to a real constant scale factor. This raises the question of whether it is natural 
to expect that on intrinsically conformally flat hypersurfaces the spinor field should be 
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proportional to a spinor field which is constant with respect to the fiat connection, and 
if that is the case, then what is the appropriate boundary condition? 

Here we investigate the question of the boundary conditions for the Witten equation 
that yield a nowhere vanishing spinor field in the special case when S is maximal and 
its intrinsic geometry is globally conformally flat. We determine the boundary condi- 
tions that yield the conformally constant, and hence nowhere vanishing spinor fields on 
compact domains in S. Thus, in particular, the frame gauge condition can be satisfied 
on such domains in maximal, globally conformally fiat spacelike hypersurfaces. On the 
other hand, as the examples of the non-extreme Reissner-Nordstrom data set show, the 
boundary conditions on the different connected components of the boundary at infinity 
cannot be chosen independently. 

In the next section, we recall the Witten equation (both in its covariant form and 
in the Geroch-Held-Penrose (GHP) formalism) and clarify its conformal properties and 
the relationship between the solutions of the Witten equations and certain geometri- 
cally distinguished orthogonal vector bases. Then we determine the general form of the 
conformally invariant boundary conditions for the Witten equation. 

In section [3l explicit solutions of the Witten equation are given. First, in subsection 
13. 1[ a simple solution is given which illustrates what kinds of zeros may appear. Then, 
in subsection 13. 2[ we determine the fundamental (in some sense spherically symmetric) 
solutions of the Witten equation on intrinsically and extrinsically fiat 3-spaces. We also 
discuss the potentially reasonable explicitly given boundary conditions both at infinity 
and at boundaries that are metric spheres of finite radius. We will see that several 
apparently natural boundary conditions that have already appeared in various problems 
can yield spinor fields with one or more zeros. Subsection 13.31 is devoted to the solution 
of the Witten equation on maximal, globally conformally fiat spacelike hypersurfaces, 
namely on the complete, non-extremal Reissner-Nordstrom and Brill-Lindquist data sets, 
as well as on a part of the Reissner-Nordstrom data set with inner boundary. We will see 
that on the complete Reissner-Nordstrom data set, the asymptotic values of the nowhere 
vanishing solutions of the Witten equation cannot be chosen independently on the two 
infinities. 

Finally, in section H] we determine the boundary conditions on general boundaries in 
terms of the boundary Dirac-operator (built from a Sen type connection) that single out 
the constant and the conformally constant spinor fields from all the possible solutions of 
the Witten equation on compact domains in flat and in maximal, globally conformally 
flat spacelike hypersurfaces on which the Hamiltonian constraint equation is satisfied 
and the weak energy condition holds, respectively. These imply, in particular, that in 
these situations the orthonormal frame gauge condition can be used as a perfect gauge 
condition. Our results are summarized in section O 

Our conventions and notations are mostly those of |13[ [T3j. In particular, we use the 
abstract index formalism, and only the boldface and underlined capital Latin indices are 
concrete name indices. Abstract Lorentzian tensor indices are freely converted to pairs 
of unprimed and primed spinor indices and back, according to the rule a i— )■ AA'. The 
signature of the spacetime metric is —2, and the spacetime Riemann and Ricci tensors, 
and the scalar curvature are defined by -^R'^bcdX^Y'^Z'^ := Vy(VzX'^) - Vz(VyX") - 
V[Y,z]X°', "^Rab '■= ^R'^acb and '^R := ^Rabg""^, respectively, and hence Einstein's equations 
take the form "^Gab = —i^Tab, n > 0. We use the standard definitions for the GHP spin 
coefficients and the edth operators given in |13] . 
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2 Boundary conditions for the Witten equation 



2.1 The Witten equation 

2.1.1 The covariant form 

Let S be a smooth spacehke hypersurface of a space-time {M,gab), hat the induced (neg- 
ative definite) metric and Xab the extrinsic curvature on S. Let be the future pointing 
unit timelike normal of S, and define P^" := 6^ — f^tb, the orthogonal projection to S. 
If Da denotes the intrinsic Levi-Civita derivative operator on S determined by hab and 
Va := Pa^b, the so-called Sen operator \15l, then 

Va'aX^ = Da>a\^ + \xtA'A\^, (2.1) 

and the Witten equation is Va'a^^ = 0. Here x is the trace of the extrinsic curvature. 

Next we clarify the behaviour of (12.11) under the conformal rescaling of the spacetime 
metric Qab by the conformal factor Q. Suppose that has the conformal weight w, i.e. 
under such a conformal rescaling it transforms as Aa )■ := Q^Xa- Then, since under 
such a conformal rescaling the spinor derivative is well known [T3| [H] to transform as 
Vaa'A'^ I— )■ Vaa'X^ = ^AA'X^ + ^A^'^'^CA', where Tg := Velnf2, it is easy to deduce 
that 

n^-'VA'AX"" = Da'aX^ + \xtA'A\^ - (w + ^) A^^AA' In fi. (2.2) 

(N.B.: Under the conformal rescaling above, the extrinsic curvature transforms as Xab ^ 
^Xab + t^iy e^)habi and hence for the transformation of the mean curvature we obtain 
X I— )■ X = f2~^x-|-3f2~"^i:^Te.) Therefore, on maximal, intrinsically globally conformally flat 
hypersurfaces the solution A"^ of the Witten equation can be recovered as A"^ = fia A^ from 
the solution of the intrinsically and extrinsically flat Witten equation Da'a^"^ = 0. Thus, 
it is natural to assign the conformal weight w = to Xa- If, for the sake of simplicity, 
the conformal rescaling is chosen to be purely spatial, i.e. t^Vgf^ = (which will be done 
in what follows), then the rescaling preserves the maximality of the hypersurface. 

2.1.2 The GHP form 

Next suppose that the spacelike hypersurface S is foliated by 2-surfaces Sr of spherical 
topology. Let denote their outward pointing unit spacelike normal tangent to S, and 
introduce the projection 11^ := P^" + v"'Vb to the surfaces Sr- Then we can decompose 
I^A'aX^ with respect to this foliation as 

Va'aX"" = (n^:f - v'^'^a'aPb'bX^ = ^a'aX^ - v'{VA'')vAA', (2.3) 

where Ae := n{V/ is a Sen type derivative operator on the surfaces Sr- (Note that 
this derivative operator deviates from the intrinsic Levi-Civita derivative operator 6e by 
the extrinsic curvature tensor of Sr |16|.) The contraction Aa'aX^ is only a part of the 
derivative Aa'aXb- The remaining part is represented by 

Ta'AB^Xc ■= Aa'(aXb) + ^'^ABl'^^ ^a'cXd, 

where := 2t^^'vBA'- (N.B.: 7"^^ is independent of the actual choice for the two 
normals and v"', it is completely determined by Sr-) This Ta'ab'^Xc is just the covariant 
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form of the 2-surface twistor operator on the 2-surfaces Sr, and the 2-surface twistor 
equation is Ta'ab'^'^c = 0. This is, in fact, two equations (see below and [131 El IT6]). 
Let us introduce a GHP spin frame field {o^, t^) on S such that 

t^^' = io^o^' + v^""' = ^0^0^' - i^l^'- (2.4) 

and define the spinor components in this basis by Aq := \aO^ and Ai := A^i"^. Then in 
the GHP formalism, the Witten equation D^/^A"^ = takes the form 

= a'Ao - v'dAi +(p-v' [VeiA) o'')\i + [V.la) 6^ Ao, (2.5) 
= aAi + \j'de\o + (p' - ]^v\V,iA)o^yo + V(Pe0A)0^Ai, (2.6) 

where 9 and 5' are the standard edth operators and p := l^o^' {V aa'Ob)o^ and p' : = 
—o^^l^ {y aa'L'b)l.^ ) the convergences of the outgoing and incoming future pointing null 
normals of the surfaces Sr in spacetime, respectively. (For the details see e.g. [IHl fT^ ). 

For later use, let us write down the GHP form of the two-dimensional Sen-Dirac 
operator A^/^A"^ and the 2-surface twistor operator Ta'Ab'^^^c- These are 

o^'^a'aX^ = - (a'Ao + pAi) , I^'^a'aX"" = (3Ai + p'Ao) , (2.7) 

o^'i^i^'TA'AB^'Xc = (9'Ai + a'Ao) , l^' o^o^'Ta'ab'' Xc = (3Ao + aX^) , (2.8) 

where a := o'^l'^' aa'Ob)o^ and a' := —i^d"^'{WAA'i-B)i-^, the shears of the null normals 
of Sr- The 2-surface twistor equation or the equations defining the holomorphic or anti- 
holomorphic spinor fields are appropriate direct sums of these 'elementary' differential 
operators. 



2.2 Witten spinors and geometric triads 

In this subsection, we summarize the key results of |[6j on the relationship between the 
solutions of the Witten equation and vector bases on S that are orthonormal up to an 
overall function. 

If tAA' is the (e.g. future pointing) unit normal of S, then Gaa' '■= V^tAA' is a 
positive definite Hermitian metric on the spin spaces, by means of which the primed 
spinor indices can be converted to unprimed ones according to A"^ i— A^"^ := —G^a'X^ 
and A^' Aj^ := Ga'^'Xa'- Then p^ := Gaa'X^X^', the norm of any non-zero spinor 
field A"^ on S, is non-zero and {A"^, A^"^} form a basis in the spin spaces. Such a spinor 
determines a vector basis {X", Y"", Z""} on S by 

^(X-^ + iy^) := A(^A^), ^Z-^ := A^(^A^). (2.9) 
V 2 v 2 

(N.B.: The standard convention a = AA' of jTHUH] for the Lorentzian tensor and SL{2, C) 
spinor indices yields that a spatial tensor index is identified with a pair of symmetric 
unprimed SU{2) spinor indices.) {X"',Y°', Z"'} is a real orthogonal basis, the length of 
each of these vectors is p^, and SabcX'^Y^Z'^ = p^, where Sabc is the induced volume 3- form 
on S. Rewriting the derivatives A^ Va'a^^ and X^Gb^ T^a'aX^ in terms of these vectors 
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and taking into account that on the domain U C where A"^ is not vanishing {A"^, A^^} 
is a basis in the spin spaces, the Witten equation is equivalent to 

DaX- = 0, DaY^ = 0, D,Z- = -xp\ (2.10) 
Z^Y^DaXb + {V'X^ - X''Y^)DaZb = 0. (2.11) 

Finally, introducing the orthonormal basis {E^, E^) := p~^(X", F", Z"") on the domain 
U, and if i = 1, 2, 3, is the dual 1-form basis on U and 7'kj := '^aE^DfjE?' , the Ricci 
rotation coefficients, then these conditions can be rewritten as 

fij = -EfDJnp' - x5l 7ii^e'^ = 0. (2.12) 

Here boldface indices are raised and lowered by the constant negative definite metric 
?7ij := — and eijk := EabcEiE^E^. The frame gauge condition suggested in [3l IH |5] is 
equivalent to 

7Sj = -E?DJnp2, ^..^^ijk^_^ (2.13) 

for some constant m. For asymptotically Cartesian frames on asymptotically fiat 3- 
geometries (S, hab) this constant is vanishing, but it has a non-zero value for frames e.g. 
on S ^ [31 in IS]- Thus, for m = 0, the frame gauge condition of j31 SI IS] and the 
Witten gauge condition are the same on maximal hypersurfaces, and hence the present 
investigations have relevance from the point of view of both. 

2.3 The boundary conditions 

2.3.1 The general linear, first order boundary conditions 

In typical problems of general relativity the hypersurface S is either asymptotically 
fiat/hyperboloidal with or without inner boundary, or compact with outer boundary. 
In the former case the solution to the Witten equation is usually assumed to be either 
asymptotically constant or a solution to the asymptotic twistor equation, depending on 
whether S extends to spatial or null infinity. The inner boundary, and, in the latter 
case, the outer boundary will be denoted by S, which is assumed to be a (not necessarily 
connected) closed orientable spacelike surface. 

Since the Witten equation is elliptic, only 'half of the data may be specified on S 
(see e.g. [17j and references therein). In particular, the most general C-linear, ffist order 
boundary condition for the Witten equation Va'a^"^ = is 

/ = X^Aa + V'{VX)VAA'B''\ (2.14) 

where / is a given function, while Aa and are given spinor fields on the boundary 
2-surface S. This is a mixed, inhomogeneous boundary condition, which for vanishing 
Aa is a purely Neumann, while for vanishing is a purely Dirichlet type boundary 
condition. The boundary condition is called homogeneous if / = 0. The spinor field 7^_b, 
introduced in the previous subsection, defines a chirality on the spinor bundle over 5, and 
the basis vectors and of a GHP spin frame are right handed/left handed spinors 
with respect to this. (For the details of this notion of chirality, see [IS].) The boundary 
condition is called chiral if the spinor fields Aa and B"^ are proportional to the right or 
left handed eigenspinors, i"^ or o^, of the chirality operator on S. 

The advantage of the extra normal vector field Vaa' in equation (I2.14p (contracted 
with B"^ ) is that it makes the boundary condition 2+2 covariant. Indeed, using the 
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decomposition (12. 3 p of the Witten equation at the points of the boundary S, the boundary 
condition f l2.14p can be rewritten as 

f = X^AA + B^'{AA'AX^), (2.15) 

which is manifestly 2+2 covariant. Equation (12. 3 p imphes, in particular, that a Neumann 
type boundary condition for the Witten equation can always be written as a condition 
on the derivatives of the spinor field in the directions tangential to S. A more general 
(only M- rather than C-linear) boundary condition is 

/ = X^Aa + B^' (A^,^A^) + E^'^A'B'X^' (2.16) 

for some given function / and spinor fields Aa, B^ and E"^ on S. 

2.3.2 Conformally invariant boundary conditions 

Next let us clarify how the general boundary condition (I2.16P changes under a conformal 
rescaling of the spacetime metric. Suppose that Aa has conformal weight w. Then, 
using = \{5'^5^, — •y^E'l^ s') and the fact that -^^b is trace free, it is easy to derive 
how Aa'aX^ transforms under spacetime conformal rescalings. We obtain Ka'aX^ = 
^^-^{Aa'aX^ + Ta'aX^ + {w- l)Ten^,^A^). Then muhiplying equation fIZTB]) by VL""'^ 
and expressing every field in terms of the conformally rescaled ones, we obtain 

= X^[Aa - Taa'B^' -{w- l)TJi\^,B^'^ + S^'(AamA^) + 

+ ^]-lE^'wA'''. (2.17) 

Thus, the boundary condition (I2.16P for the conformal weight w spinor field A^ is con- 
formally covariant if ^ := B^, Aa ^ Aa := Aa - Taa'B^' - {w - l)Ten^A'^^'' 
E"^ I—)- E"^ := VL'^^E^ and f ^ f '■= Q^~^f; i.e. in particular, B"^ has conformal weight 
zero, E^ has conformal weight —1, and / has conformal weight {w — 1). For w = 1 
and E^ = these are precisely the defining transformation properties of local twistors 
[T3|I14]. in which case / is just i times the conformally invariant Hermitian scalar product 
of the local twistors (A"^, iA^'^A'^) and {B"^, —iAa')- For w 1, the boundary condition 
is conformally invariant if we impose the additional restriction / = 0. Next we deter- 
mine how the spinor field Aa must be built to have the required transformation property 
above. 

Since B"^ has zero conformal weight, iA^'A-B^ transforms under conformal rescalings 
as the secondary part of a contravariant twistor, i.e. Aaa'B^' = Aaa'B^' + Taa'B^' . 
Thus, 

Aa + Aaa'B^' = Aa + Aaa'B^' ~ {w - l)T,n^^,5^'. 

The last term on the right-hand side can, however, be compensated by using the (trace 
of the) spinor form Q^ee'b '■= ^{Aee'1^c)'1'" b of the extrinsic curvature tensor of S. 
{Q^EE'B is in fact the spinor form of the extrinsic curvature tensor, because the GHP 
convergences and shears can also be given in terms of this spinor as p = o^t^o^ o^Qaee'b, 
-p' = i^o^l^' l^Qaee'b, a- = o^o^I^'o^Qaee'b and -a' = l^l^o^' l^Qaee'b [16j. The 
mean curvature vector of S in the spacetime is Haa' '■= '^Q^ea'A = —'^P^^a^a' ~ '^p'oaOa'-, 
which is real. Since H"^^ Ha'b = ^PP'^b^ it defines an isomorphism between the spin 
and complex conjugate spin spaces precisely when pp' ^ 0.) Indeed, a simple calculation 
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yields that under a conformal rescaling of the spacetime metric Q'^ae'e ^ Q^ae'e '■ = 
Q'^AE'E + Tf{6l - n{), and hence 

Q^EA'aB^ = Q^EA'aB^ + ^AA'B^ — ^AA'B^ — '^e^AA'B^ ■ 

Expressing the last term from this equation and substituting into the previous one, we 
obtain that 

Aa + wAaa'B^' -{w- 1)Q''ea'aB^' = Aa + wAaa'B^' - {w - 1)Q''ea'aB^\ 

i.e. the expression on the right-hand side has zero conformal weight. Therefore, for any 
spinor field Ca with zero conformal weight, the spinor field 

Aa := Ca - wAaa'B^' + {w - 1)Q'^ea'aB^' (2.18) 

has the desired conformal transformation property. Consequently, the M-linear, confor- 
mally invariant first order boundary condition for the Witten equation must have the 
form 

\^(Ca + \aaa'B^' - Iq'^ea'aB^') + B^'{Aa'a\^) + ^^7a'b'A^' = 0. (2.19) 

Here Ca and B"^ are arbitrary spinor fields with zero conformal weight and E"^ is an 
arbitrary spinor field with conformal weight —1 on 5. 

3 Explicit solutions 

3.1 A solution of the Witten equation with one dimensional zero- 
sets 

In [S], Bar showed that the set of zeros of the solutions of a Dirac equation on an n 
dimensional Riemannian manifold is of dimension not greater than (n — 2). In this 
subsection, we illustrate this by a simple solution of the Witten equation in fiat 3-space. 
Its zeros form, in fact, a union of discrete zeros and one dimensional submanifolds, which 
may be compact or non-compact (in fact, not bounded); or the set of zeros can consist 
of purely isolated points. 

Suppose that E is both intrinsically and extrinsically flat, i.e. it is a hyperplane in 
Minkowski spacetime. Let = {x,y,z), i = 1,2,3, be a Cartesian coordinate system on 
S ^ M^, i.e. in which hjj = — ^ij, let be the SU{2) Pauli matrices (divided by -\/2), 
and introduce the notation D— b '■= h^^^^ts^y Then in the Cartesian spin frame adapted 
to the coordinates above the Witten equation, D—b^— = 0, takes the explicit form 

d,X^ + d^X^ + idyX^ = 0, dX - <9^A° + idyX^ = 0. (3.1) 

A particular solution of these equations is 

AO = -(A + B)z'^ + Ax^ + By^ - C, A^ = 2z{Ax - iBy) - D, 

where A, B, C and D are constants, li D = 0, then for real A, B and C the coordinates 
of its zeros satisfy z = and Ax"^ + By"^ = C. If the parameters are all positive, then 
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the set of zeros is an ellipse, which is a compact one-dimensional submanifold. However, 
for AB < and C 7^ the set of zeros is a hyperbola, while for C = it is a pair 
of straight lines crossing each other at the origin and the coordinates of these zeros are 
given by (x, ±x^y—A/B, 0). These sets are not bounded in M^. li B = and AC > 0, 
then A"^ has two isolated zeros at {±^yC/A, 0, 0). The vector basis corresponding to the 
constant spinor field (A", A^) = (— C, 0) via f l2.9p is just the constant orthonormal triad 

rpa ( d \a 

3.2 Spherically symmetric solutions in flat 3-space 

In the present subsection we determine the fundamental solution of the Witten equation 
and discuss various explicit boundary conditions on spherically symmetric S that specify, 
among others, the constant spinor fields. 

3.2.1 The fundamental solution 

Let Vf. be the intrinsically and extrinsically flat Sen derivative operator. The surfaces Sr 
of the foliation of S will be chosen to be metric spheres of radius r. By the vanishing 
of the extrinsic curvature (indeed by x = 0), one has p = — 1/r and p' = l/2r. Though 
the GHP spin frame {o^, l^} is not constant on S with respect to the flat Ve, its normal 
directional derivative is vanishing: v'^VeOA = v^VetA = 0. Substituting these into (12.51) - 
(12. 6 P we obtain 

9'Ao - -Ai - v'dAi = 0, 9Ai + -^Ao + ^v^d.Xo = 0. (3.2) 
r 2r 2 

Recalling that the spinor components Aq and Ai have spin weight | and — |, respectively, 
we can expand them in terms of the ±| spin weighted spherical harmonics according to 

00 j 00 j 

^0 = E E ^o™Wi^.,n, ^1 = E E ^r{r)-iY,^. (3.3) 

q — 1 m=—j •)■— i m=—j 

Note that j takes the values i, |, |, . . . and, for given j, m = —j, — j + 1, . . . , j. 

Recalling (see e.g. |13| ) that the action of the 5 and 5' operators on the spin s weighted 
spherical harmonics is 

^sYjm = {3 + S + 1) (j - s)s+lYjm, Q's^jm = ~ ^ ^ ^) + ■s)^-l^jm, 

(3.4) 

(13. 2 p reduces to the system of ordinary differential equations 

dr r ° r 2' ^ ' dr r ^ y2r ^ 2^ ° ^ ' 

These equations yield the second order equation 

c" + ^c' + l[l-(j + i)> = (3.6) 

both for c = c^"* and cj"*, where the prime denotes differentiation with respect to r. 
Multiplying this with for some real fc, we obtain 

Pc)" + ^Pc)' + 1[A:^ - 2A: + 1 - (, + 1)^] (r^c) = 0. (3.7) 
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Thus, to simphfy this equation, let us choose k to make the last term vanish, i.e. let 
/c = 1 ± (j + |). Then (13. 7p can be integrated directly: c(r) = Cr^~'^, i.e. 

cJ'^(r) = ±C^"*r-^±(^+5), (3.8) 

where j^C^™' are constants. Substituting this both for qj™ and c{™ back into the first order 
equations (13. 5p . we find that the sign ± in the exponent in (13. Sp for c^*" and c{™ is the 
same; furthermore \/2±Ci^ = ±±Cq^. Therefore, in the solution only the coefficients 
±Cq"^ will appear, and in the rest of this paper we use the notation A^"^ := +Cq"^, 
:= _ci"'. Thus, 

Ao = 5^A^'"r-i+(^+^^F,„ + 5^i?^"V-i-(^+i)iy,„,, (3.9) 

j,m j,m 

\/2Ai = J] A^™r-i+(^+5)_,F.„ _ ^E^-r-^-^^+^^.iy,-^. (3.10) 

j,Tn j,m 

This solution is analogous to the fundamental solution of the flat space Laplace equation 
with centre r = 0, thus we may call it the fundamental solution of the Witten equation. 
Its general solution is a superposition of such fundamental solutions with different centres, 
and it is the boundary conditions that specify the actual solutions that we are interested 
in. 

For example, if S is isometric with and we want that the solutions be bounded 
at inflnity, then by (I3.9I) - (I3.10I) all the constants A^"^ must be zero for J > |. Then 
tends to a constant spinor fleld at inflnity, and the asymptotic value of Xa is flxed by 
^2='=2. Hence, the form of the spinor components is given by 

1 

m=-i j=l^=-j 
1 

= E i^''" - ^)-in™ - E E 

m=-| j=l^=-^ 

On the other hand, these can be regular at the origin precisely when = for all j, 
in which case A^ is constant on S. There are two such linearly independent spinor flelds, 
which are parametrized by the constants A2^2 , Similarly, if E is isometric to — {0}, 
then the solution is bounded precisely when it is constant. 

3.2.2 Boundary conditions: the compact case 

Suppose that E is isometric to the solid ball i? C R'^ of radius R, i.e. S is compact with 
boundary = Sr. Then, to ensure the regularity of the spinor fleld (I3.9p - (l3.10p at 
r = 0, all the coefficients B^"^ must be zero, and hence 

oo j oo j 

^0 = E E ^'"'r^-'^ ^y^m, ^^i = Y.Y. ^^'"^^-^-i^s- (3.13) 

T_i m=—j 1 — i m=-~j 

J~2 J~2 

This spinor field is completely fixed by one of the freely specifiable spinor components 
Ao, Ai, v^de\o or v^de\i, or at least by a combination of them, on Sr. Next we discuss a 
few special cases. 
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First, since the spin weighted spherical harmonics sYjm form a basis in the space of 
the spin s weighted functions on Sr, any homogeneous, chiral Dirichlet type boundary 
condition, e.g. Ail^^ = 0, yields an identically zero spinor field. 

Next, it is easy to see that the inhomogeneous chiral boundary condition Ail^^ = 
C2 _iYii + c~2_i Yi_i yields a constant spinor field on S, where c^a are complex con- 

222222 

stants. Such spinor fields can also be characterized e.g. by 9'Ai|5^ = (though the actual 
constant spinor field is not specified explicitly by this condition). This equation is just 
half of the equations defining the holomorphic spinor fields [18], which equation appears 
in the 2-surface twistor equation too (see the first expression in (12. 8p ). The constant 
spinor fields on E can also be characterized on by conditions on the other component 
of the spinor field, e.g. by Anlsn = lYii +d~2iYi_i, where d^^ are complex constants. 

222 222 

This Ao on Sr is just the general solution of QAqIs^ = 0, which is half of the equations 
defining the anti-holomorphic spinor fields on Sr, as well as a half of the 2-surface twistor 
equation (see the second expression in (12. Sp ). 

On the other hand, by (I3.13P for fixed j > | the inhomogeneous chiral boundary 
condition Ail^^ = Ylm=-j '^"^ --^j^ yields a non-constant spinor field, which vanishes at 
the origin as r^~^ . 

Instead of chiral homogeneous boundary conditions involving only Aq or Ai, we can 
consider the more general condition (5'Ao + pAi)!^^ = 0, where actually p = —1/R. 
Substituting (I3.13P here, we obtain that A^"^ = for all j > |. Thus, only A 2 ="=2 may 
be nonzero, and hence the solution that this boundary condition singles out is constant. 
This boundary condition is just one-half of the defining equation of the holomorphic 
spinor fields on Sr, and can also be written as 0^ Aa'a^^ = (see (12. 7p ). Therefore, by 
the general considerations of section 12.3.11 (in particular by (I2.15P ). or more explicitly by 
(13. 2p . this is just the chiral, homogeneous Neumann boundary condition v'^{T>eX^)tA = 0. 
Similarly, we can impose (5Ai + p'Ao)|5^ = 0, where p' = 1/2R. This specifies the 
constant solutions too, which boundary condition is just one-half of the defining equation 
of the anti-holomorphic spinor fields on Sr. This can also be written as Aa'a^^ = 
(see (12. 7p ). or, equivalently, as the chiral, homogeneous Neumann boundary condition 

V^{VA'^)0A = 0. 

Thus there are several mathematically inequivalent ways to single out the constant 
spinor fields, but all these boundary conditions can be considered as weakening of the con- 
ditions defining the constant spinor fields on the boundary Sr. (For further possibilities, 
see [19] and the Appendix of [20].) 

3.2.3 Boundary conditions: the non-compact case 

Now suppose that S is isometric to M^^ — B, where i? C is the solid ball of radius 
R > and overline denotes topological closure in M^. Then r is defined for [R, 00), and 
the inner boundary is Sr. By (I3.1ip -( 13.12p for given boundary conditions at infinity 
yielding asymptotically constant spinor fields (i.e. for fixed Aa^'^z), the solution A^ is 
completely determined by the coefficients B^"^. In particular, Aa is fixed by one of the 
freely specifiable spinor components Aq, Ai, v'^deXo or v'^deXi, or at least by specifying a 
combination of them, on Sr. Next we discuss some particular cases. 

First consider Xo\sr = 0, which is a homogeneous chiral Dirichlet type boundary 
condition. This was used in the proof of the positivity of the total (ADM and Bondi- 
Sachs) energy in the presence of black holes [H |2]. Then, by the completeness of the 
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spherical harmonics sYjm in the space of the functions with spin weight s on Sr, (13. lip 
imphes that B^"" = for j = |, |, |, . . . , and that 55"^ = -i?^^™. Therefore, 

1 1 
^0 = (1 - ^) E A^'^^^m, = (1 + ^) E ^""^^y^m, (3.14) 

which is a uniquely determined non-constant solution. The solution space is two dimen- 
sional, and can be coordinatized by A2^2^ or, equivalently, by the components of the 
spinor field at infinity. Recalling that the s = ±| spin weighted spherical harmonics for 
j = 1 in the standard complex stereographic coordinates ( := exp(i0) cot | take the form 

Yii = , _ , iYi_i = ^ , (3.15) 

/2^v/r+cc ' v^v^TTcC 

lYii = ^ , ^ _ , = ^ , ^ _ , (3.16) 



2 2 2 



2 2 2 



by XqIsr = the spinor field has a zero on iS/j. Indeed, if we write Ail^^^ = a_iYii + 
b_iYi_i, then Ail^^ is vanishing at = d/b for non-zero b, while for 6 = it is vanishing 
at the 'north pole' C = oo of 5/?. 

Instead of specifying Aq we can prescribe only its tangential derivatives. By (I3.11j) 



1 — 3 r?i= 
J" 2 



and hence if Q'Aol^^ = 0, then B^~^ = for j = |, |, . . . and B^"^ = Sub- 
stituting these into (I3.11l) - (l3.12p we obtain (I3.14p above, i.e. in particular, XqIsr = 0. 
Indeed, general theorems (see e.g. IJJJ) on the dimension of the kernel of the 6 operators 
guarantee that 5'Ao = implies the vanishing of Aq itself on Sr. 
Again by flXTT]) 
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^EE V'^ + 2)(:'-2);^!iV (3.18) 



Thus, if our boundary condition is QAqIs^ = 0, which is one-half of the 2-surface twistor 
equation (see the second expression in I^M)), then B^"" = for j = |, |, . . . . Hence, 



This boundary condition on Sr is equivalent to an inhomogeneous chiral Dirichlet type 

1 

boundary condition of the form AqI^^ = Ylm--^'^"^-^-"^ ^ith complex constants c"^. 
The space of the spinor fields (I3.19P is four dimensional. Clearly, the investigation of 
the boundary condition Q^AqI^^ = for any given n G N can be carried out similarly. 
For example, Q^AqI^^ = is equivalent to an inhomogeneous one on Aq, and yields eight 
complex dimensional space of solutions of the Witten equation. 
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Finally, instead of equations for Aq or Ai on Sr we can impose the boundary condition 
(a'Ao + pXi)\sr = 0. Then by fl3lT]) -f l332|) this implies that B^"" = for all j, and 
hence the spinor field A^ is constant on S. Similarly, (5Ai + p'Ao)|5^ = also yields the 
constant spinor fields. As in the compact case, these are equivalent to chiral, homogeneous 
Neumann boundary conditions. 

3.3 Solutions on maximal, intrinsically conformally flat hyper- 
surfaces 

Suppose that S is maximal (i.e. x = 0); the intrinsic metric hab is conformally fiat, and 
related to a fiat metric hab by a globally defined conformal factor: hab = ^^^hab- The 
t = const hypersurfaces in the Reissner-Nordstrom spacetime, or the Brill-Lindquist 
and Bowen-York data sets jT2] are such hypersurfaces. Here we solve the Witten equation 
on these data sets. 

3.3.1 Asymptotically constant solutions on complete Reissner-Nordstrom 
data sets 

The base manifold of the (maximally extended) Reissner-Nordstrom data set is S 
M.^ — {0} with the standard Cartesian coordinates {x'}, i = 1,2,3, or the corresponding 
spherical polar coordinates {r,6,4>). The conformal factor is given by Q^^{r) := (1 + 
— (^)^, where m > |e|. The extrinsic curvature of S in the spacetime vanishes. 
The surface r = ^A/m^ — is a stable minimal surface in (S, hab), whose points are just 
the fixed points of the discrete isometry / : x' i— )■ |(m^ — e^)^ (see ^IQj). This surface 
represents the black hole event horizon in S, while the r — )■ cxd and r — )■ regimes are the 
two asymptotically flat ends. 

Let A"^ be a solution of the fiat Witten equation on (S, hab)- Then, by equation 02.21) . 
\a = fisA^ is a solution of the Witten equation on (Ti,hab)- The conformal rescaling 
Eab = ^~^^AB implies the rescaling = Q^~^6^, = Q^'t^ of the normalized spin 
frame with undetermined A; G M. We choose k = ^ (the symmetric rescaling), so that 

\ao^ = ^IXao^, Aa^^ = ^IXa^^- 

Since 1] — )■ 1 if r — )■ oo, the spinor field A^ can be non-singular on S and bounded in this 
limit only if the components of A^ in the spin frame {d^, t^} are given by fl3.lip - fl3.12p . 
However, since in the r — )■ limit Q tends to zero as r^, the solution A^ is bounded on 
the other asymptotic end precisely when B^'^ = for all j > |, so that the spinor field is 
asymptotically constant there too. It is given explicitly by 

1 

2 — YYl 

m=-i 

1 

-2 E (^^'"-^)-in- (3.21) 

Thus its asymptotic values are determined by A^™ and B^"^. This solution can be con- 
sidered as the sum of two spinor fields, one with = and the other with i?2"* = 0, 



4^2 



(2r + m)2 — 



4^2 



\al 



(2r + m)^ 
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and each is proportional to some constant spinor field with respect to some flat connec- 
tion. However, their factors of proportionality are different, yielding different asymptotic 
properties: while one spinor field tends to a non-zero constant spinor at one asymptotic 
end and tends to zero at the other end, the other spinor field behaves in just the opposite 
way. 

By (I3.15p -( l3.16p . the spinor field vanishes at the point (r, (, () precisely when 

C(rM2 2 + 522) + (rM2~2 + 52 2)=o, 
(^r^A22 - 522) - ([r^A2-2 _ 52-2) =0. 

These equations yield 



„2 -i-i ■ -i-i 



T A.2 2 -|- 2 f A.2 2 — J322 



11 ^11 



r^A22+B22 r^A^"^ - B^-^ 



from which it follows that 



— r [ A2 2 JJ 2 2 -\- A2 2 Jj2 2 — A2 2 B 2 2 — A2 2 B2 2 1 — 

- fl^Mp + = 0. (3.22) 



However, the coefficient of is purely imaginary while all the other terms are real. Thus, 
to have a real solution for r^, this imaginary coefficient must vanish, yielding one real 
condition for the coefficients A2''" and S2™. Parameterizing these coefficients as 



^2 2 =: cosxe'^S A2 2 =; sinxe'"% 
B-2^2 =: \B\ cosije'^\ B^2-h =■, \B\ sin^je'^^ 

the condition that the coefficient of in fl3.22p must be vanishing is 

2 , sin^xsin^(«2 -/32) 

^ = 2 —f a \ ^ ■ 2 —f W\- (3-23) 

cos^ Xsm [ai — pij + sm xsm [02 — P2) 

Then for the coordinates of the zero we obtain 

^2 ^ M c= +sin?/'e'^^ 
|y4|' COS xe'"i + COS V'ei^i ' 

Therefore, the solution Aa does not have any zero iff the parameters A^^ and do 
not satisfy fl3.23p . If (I3.23P holds, then by the first of (I3.24p the solution \a has a zero 
for r G (0, 00) precisely when A2™ ^ and S2™ ^ 0, while the zero is at r = 00 
for A2^ = and at r = for i?2™ = 0. Moreover, even for fixed (nonzero) A2''^ 
and point p = (r, (, () there is a parameter i?2"^ such that the corresponding spinor 
field has a zero at p. These solutions are not conformal to a spinor field which would 
be constant with respect to some fiat connection. Criterion (I3.23P for the existence of 
the zeros determines a seven dimensional submanifold in the space of the parameters 
(I A|, X, «!, a2', \B\,ip, /92). Therefore, the solutions of the Witten equation on the non- 
extreme Reissner-Nordstrom data set that are constant at the two infinities form a four 
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dimensional complex vector space, in which there is a seven dimensional real submanifold 
of solutions with a zero. 

To interpret this result in the language of the geometric triads of subsection \2.2\ let us 
recall that a spinor determines an orthonormal triad only up to an overall real scale factor. 
Thus, the boundary conditions for the triads at the two asymptotic ends form a real 3+3 
dimensional manifold (corresponding to the parameters (x, ai, and Pi, (32) above). 
Since, however, the 'modulus' of the spinor fields, \A\ and \B\, are not involved in fl3.23p . 
it defines a five dimensional submanifold of boundary conditions for those frames which 
are singular somewhere inside the Reissner-Nordstrom initial data hypersurface. Thus, 
we do not have complete freedom (i.e. constant rotations) to choose the frame at the two 
infinities any way we want. 



3.3.2 Solutions on Reissner-Nordstrom data sets with internal boundary 

Let S be the subset { | SijX^x^ > > 0} of the complete Reissner-Nordstrom data set 
of the previous subsection, whose inner boundary S is the 2-sphere with coordinate radius 
R. Consider the solutions of the Witten equation that are asymptotically constant 
at the 'outer' infinity r — j- oo. Then, by the discussion in the first half of the second 
paragraph of subsection 13.3. the components of are 



4-?^ / 1)2, ri"^ \ 

Ao = - — -( y (A^™ + ^-)iri^ + V y -^lYjm], (3.25) 

v/2Ai = - — % — - y (A5™-:^) .Y.^~y y (3.26) 

'2 



The areal radius of the spheres Sr of coordinate radius r, defined by (^Area(iSr))^, is 
rQ~^ = ^((2r + m)^ — e^). Moreover, if the sign of the normal of S is chosen such that 
■0" = (^)", which points inward on the hypersurface S, then for the mean curvature of 
the 2-spheres Sr we obtain 
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.(^4r^^{m^-e^)y (3.27) 



((2r + m)2 -e2) 

Then, since the Reissner-Nordstrom data set is extrinsically flat, the outgoing and in- 
coming null convergences on the 2-spheres Sr are p = — |z/ and p' = ^u, respectively. 
Note that these are vanishing on the minimal surface 2r = y/m'^ — e^. Next we discuss a 
few explicit boundary conditions on S. 

First, as in subsection I3.2.3[ any of the homogeneous, chiral Dirichlet boundary con- 
ditions, A0I5 = or A1I5 = 0, specifies a solution on E which is asymptotically constant 
at infinity but vanishing somewhere on S. This solution is conformal to that given by 
(I3.14p . Also as in subsection I3.2.3[ this solution can be characterized by the boundary 
condition 5'Ao = or 9Ai = 0, respectively. 

The purely right-handed or left-handed parts of the 2-surface twistor equation, 5Ao = 
or 9'Ai = 0, specify solutions conformal to the non-constant spinor fields (in the flat 3- 
space) given by fl3.19p . 
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However, the non-triviality of the conformal factor gives new possibihties. Clearly, 

-o^' Aa'aA^ = 9'Ao + p\i = n (qQ'Xo + ^rz/pAi) , (3.28) 
= 9Ai + p'Ao = n (nQXi + ^rz/p Ao) ; (3.29) 

where the hat refers to the flat 3-space: 9 is the flat space edth operator and p = — 1/r 
and p' = l/2r are the flat spacetime convergences of subsection 13. 2. 3^ while the spinor 
components Aq and Ai are given by fl3.lip -f l3.12p . Then an apparently obvious choice for 
the boundary condition would be e.g. A^/^A"^ = 0, as in subsection 13.2.31 Then by 
the expression fl3.17p for Q'Aq this boundary condition yields B^"^ = for all J > | and 
+ + iV(i?2yll™ _ = 0, m = ±1, where 

1 4i?2 _ (^2 _ g2^ 
N ■= 

which is proportional to the mean curvature u of the boundary (see equation fl3.27p ). and 
takes its values between — | and |. Thus, finally, the solution is given by 

- "(i - 1^^) i ^'"in™- v^^. - "(i - \^^) i -^'"-in™ 

m=-| ™=-| 

(3.30) 

for r > R. If > 0, i.e. if S does not contain the minimal surface, then > 1, and 
hence there is a value r = > R for which Aq is vanishing. Then by fl3.15p -f l3.16p the 
other spinor component is zero for some (Co? Co); and hence at the point (ro,Co;Co) the 
spinor field A^ is vanishing. If iV = 0, i.e. if the boundary S is just the minimal surface, 
then Aq = there, and this case reduces to that of the homogeneous chiral Dirichlet 
boundary condition above. If < 0, i.e. when the minimal surface is contained in the 
interior of S, then the spinor field A^ does not have any zero. It might be worth noting 
that in the limit i? — )■ (i.e. when the boundary S is 'pushed out' to the other infinity) 
this spinor field tends to one of the two conformally constant spinor fields in fl3.20p - fl3.2ip . 
Nevertheless, there is another 'natural' choice for the boundary condition: 9'Ao+pAi = 

0, i.e. (by the results of subsection l3.2.3l) the condition that the spinor field A^ be constant 
in the geometry of the flat 3-space. Then 9Ai + p'Ao = also holds, and hence a direct 
calculation yields that 

-o^'Aa'aX^ = n(^-Qp\i + ^rz/pAi) = - fi^Ai = -o^' {v\DM^)va'a>^^^ 

(3.31) 

I^'Aa'aX^ = n{-np'Xo + \rvp'\o) = ^(^ru - 1])Ao = 1^' {v'{DJnn)vA'AX^) ■ 

(3.32) 

Thus 

Aa'aX^ = v^{De\nn)vA'A\'^, (3.33) 

1. e. Aa'a^"^ is proportional to the spinor field itself and the factor of proportionality is 
the normal directional derivative of the logarithm of the conformal factor. In the next 
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section we will see that the boundary condition in the non-spherically symmetric case is 
a direct generalization of this. 

Conversely, any of fl3.3ip and f l3.32p as a boundary condition implies that is confor- 
mal to a spinor field which is constant in the fiat 3-space. E.g. = {v^{Df. In f2)f^/^A^ 
— A^/^A^) = i7^(5'Ao — ^Ai), yielding the boundary condition for the constant spinor 
fields in fiat 3-space. 

3.3.3 On solutions on the vacuum Brill— Lindquist/Bowen— York data sets 

The base manifold S of the Brill-Lindquist data set is from which the points with 
the Cartesian coordinates x\, have been removed. The conformal factor is 

Vt~^{x^) = (1 + ^^=1 2]^T3^)^; where mi, are positive constants; while the 

extrinsic curvature is vanishing. Under these conditions the vacuum constraint equations 
are satisfied [11]. (This data set is generalized by the Bowen-York data set, in which the 
extrinsic curvature is only traceless and is chosen to give a prescribed linear or angular 
momentum at spatial infinity [12]. Since what is important for us is the conformal flatness 
of the 3-metric and the vanishing of the trace of the extrinsic curvature, our analysis can 
be extended to this more general case without any difficulty.) This data set represents 
+ 1 asymptotically fiat ends at r — oo and at the (missing) points x\, . . . , x^, and 
black holes with apparent horizons (in the form of minimal surfaces) surrounding the 
'internal' asymptotic ends also m]). 

If A^ is a solution of the Witten equation on (S, hab) such that it is bounded at the 
'outer' asymptotic end, i.e. when r — >■ oo, then A^ = VL^^Xa, where Xa is the sum of N 
spinor fields A^, . . . , A;^ whose components in the rescaled spin frame {6"^, i^} are given 
by fl3.lip - fl3.12p with the centres at x\, . . . , x^, respectively. On the other hand, since 
VL{x^) — )■ as \x'^ — xW^ when x^ — x\, the spinor field A^ is bounded near the 'internal' 
asymptotic ends too precisely when it is asymptotically constant there. Such a spinor 
field is parametrized by 2{N + 1) complex constants, but the solutions parametrized by 
constants belonging to a proper submanifold of C^*^-^"*"^^ have zeros. 

4 Boundary conditions for the constant and confor- 
mally constant spinor fields 

4.1 Boundary conditions for the constant spinors 

Let S be a subset of a spacelike hyperplane in Minkowski spacetime with a (not necessarily 
connected) smooth boundary S. Clearly, there are precisely two linearly independent 
spinor fields on E which are constant in the sense that VeX"^ = 0. Then the spinor fields 
are constant on S with respect to Ag, and hence, in particular, they satisfy Aa'aX"^ = 
too. Now we show that the converse is also true. Namely, a solution Xa of the Witten 
equation is constant if and only if its restriction to the boundary satisfies the boundary 
condition Aa'aX^ = 0. 

The key ingredient is the (Reula-Tod form of the) Sen- Witten identity [2], 

-h^f{VAA){VfXA'y^' -l^^'GabX^X^' = 2t^^'{VAB'X^'){VA'BX^) - 

-D^{t^^'X^'VB>BX^ -t'^'VVB^BX^), (4.1) 
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whose integral on S can be written as 

IIA^ir := / [-h^f{VAA){VfXA'y^' - V^G,,A^A^')dS (4.2) 

= 2 / t^^'(l)^5,F')(l)^,5A^)dS+ /a^'ta'^'Ab'bA^cI^. 
Js Js 

(Here ^Gab is the spacetime Einstein tensor, which, actually, vanishes by assumption.) 
The first line of (14. 2p . which is essentially a Sobolev norm, is an integral of pointwise 
non-negative expressions (even if the data induced on S were not fiat, but satisfied the 
dominant energy condition), while the volume integral in the second line is vanishing 
by the Witten equation. Thus if A"^ is a solution of the Witten equation satisfying the 
boundary condition A^'aX^ = 0, then by (14.21) ||Aa|| = 0, i.e. VeX^ = follows. 

If Ab is constant with respect to on S, then its restriction to the boundary solves 
the 2-surface twistor equation as well: Ta'ab^Xq = 0. Although in the special cases 
considered in subsection 13.21 any of the two equations Ta'ab'^Xc = appears to be an 
appropriate boundary condition to single out the constant spinor fields, we do not have an 
equation analogous to (14. 2 p by means of which we could show a direct relationship between 
the V^Xa derivative on S and the 2-surface twistor derivative of Xa on S. Thus, we 
formulate our boundary condition in terms of the 2-surface Dirac rather than the 2-surface 
twistor operator (though the conformal invariance of the latter could have suggested to 
use it, especially in the conformally fiat spaces). 

However, the boundary condition Aa'aX^ = appears to contradict the general theory 
of boundary value problems for elliptic systems: it is too strong, as it represents two rather 
than only one restriction on the spinor field. Although this boundary condition can be 
imposed in the special case of flat geometries, we should be able to reformulate it in a 
way that is compatible with the general theory of elliptic boundary value problems. In 
fact, the previous theorem can be proven with the following weaker, M-linear (rather than 
C-linear) boundary condition: for some complex function a : iS — )■ C, which may depend 
on the spinor field, the spinor field satisfies Aa'aX^ = a'jA'B'X^ ■ Or, in other words, 
it is required that the 7"^ b'X^ -component of the derivative of the spinor field vanishes: 
X^ Jb'^ Aa'aX^ = 0. This provides the correct number of boundary conditions, and can 
be rewritten as {Aa'aX^ — a'jA'B'X^ ) = for any spinor field and some a on S. 

4.2 Conformally constant spinor fields on maximal, conformally 
fiat hyp ersur faces 

By the results of subsections 12.1.11 and 14. H the solution A^ of the Witten equation (with 
conformal weight w = — ^) is conformally constant in the conformally fiat 3-space pre- 
cisely when A"^ := il'^X"^ satisfies the boundary condition Aa'aX"^ = 0. Then by the 
conformal rescaling formula and t^Vgf^ = this is equivalent to 

Aa'aX^ = {^6 A' A In 1^ + VA'AV'D, In 1^) A^; (4.3) 

i.e. the derivative Aa'aX^ is proportional to the spinor field itself where the factor of 
proportionality is built from the derivatives of the conformal factor. (N.B.: On functions 
the derivative operator Ag coincides with the intrinsic Levi-Civita derivative operator 6e.) 
Contracting (14. 3 p with any given spinor field B^ and denoting the coefficient of A"^ in the 
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resulting formula by —A a, it has the form fl2.15p with / = 0. Moreover, assigning zero 
conformal weight to B"^, it is straightforward to check that, under a conformal rescaling 
hab = ^'"^hab u'^hab = u}'^^l~'^hab of the physical metric, the spinor field A a trans- 
forms just in the way required in the conformally invariant boundary condition f|2.19p . 
Indeed, since the concept of conformally constant spinor fields is conformally invariant, 
the boundary condition that specifies these should also be conformally invariant. 

Our aim is to characterize the conformally constant spinor fields among the solutions 
of the Witten equation by appropriate boundary conditions in the physical, conformally 
flat (rather than in the fiat, rescaled) geometry of the hypersurface. By (14. 3 P the boundary 
condition must be searched for in the form 

^a'aX^ = (l^A'Aa + va'aP) \^ (4.4) 

for some functions a, /3 : 5 — > M. Clearly, for a = const, /3 = this reduces to the 
boundary condition Aa'a^^ = for the constant spinors found in the previous subsection. 
However, these functions cannot be arbitrary, because the (globally conformally fiat) 
geometry (E, hab) determines the conformal factor by means of which the geometry can 
be rescaled to be fiat. On the other hand, there can be different fiat 3-spaces that are 
globally conformal to each other (with non-trivial conformal factor). Hence (S, hab) does 
not determine the conformal factor completely. There can be some ambiguity in Q. Next 
we determine what kind of conditions should In Q and f ^-De In ^ satisfy, and hence what 
kind of conditions should a and P satisfy on S. 

By the conformal rescaling formulae for the 3-dimensional Ricci tensor, 

= Rab = Rab + DaD, lu Q - (D„ lu {D, lu + 

+ hab [OeD^ In + [De In {D^ In fi) ) , (4.5) 

it is straightforward to calculate the 3-dimensional Einstein tensor. For its 'constraint 
parts' on the boundary surface, GabV°'v'' and GbcV^Ha, we obtain 

6e6'lnQ-u{v^DelnQ) - {v^DelnVlY = -GabV^v^ (4.6) 
5a{v^DJnn) - {v^DMn)5a\nVt- z/„%ln^] = -GbcV^Ii^. (4.7) 

Here Vab '■= n^H^Dc'^^d, the extrinsic curvature of S in S, and v is its trace. Therefore, as 
we claimed, Infi and v^{De Infi) in (14. 3 p are restricted by the geometry (S, hab) via (14. 6p - 
(14. 7p . On the other hand, we show that once \nVL or v*^ {D f.^aVl) is given on 5, then the 
conformal factor on E is already completely determined, provided Einstein's equations 
hold, '^Gab = —i^Tabi and the weak energy condition Tabf^t^ > is satisfied. For, first 
observe that by the maximality of the hypersurface and the Hamiltonian constraint part 
of Einstein's equation R = XabX""^ ~ + '^'^TabtH^ > 0, i.e. the scalar curvature is non- 
negative. Second, by taking the trace of (14. 5p . it is straightforward to derive the linear 
equation 

DeD^Vn + -RVQ = 0. (4.8) 
8 

This equation is also known as the Lichnerowicz or Yamabe equation. Next suppose that 
is another solution of (14. 8p . and define u := — V^. Then u also satisfies (14. 8p . 
Multiplying this by u and integrating on S, by the Gauss theorem we obtain 

^ {Vn- Vn')v''Da{Vn- Vn')ds = J (^-{Dau) (d^u) + ^Ru'^^dE, 
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where both terms in the integrand on the right-hand side are pointwise non-negative. 
Thus, if either Q, and or v'^DeV^ and v^DeV^ coincide on S, then 1]' = on the 
whole S, too. Therefore, Q is, in fact, completely determined e.g. by its own value on 
the boundary, and the ambiguity in Q corresponds to the non-uniqueness of the solution 

of (iMD-ra. 

To determine this ambiguity, let us suppose that both Q and Q' := u^-^Q are solutions 
of (14. 5p . Then the difference of this equation for Q and for Q' is a differential equation, 
whose trace (multiplied by Q) and trace-free part (multiplied by 2i7~^) yield the system 
of equations 

De(nD'uj-^^=0, (4.9) 

D^n-^D^oo) + D,{n-^D,uj) - hatD,{n-^D'uj) = 0. (4.10) 

However, the second is just the conformal Killing equation for the hypersurf ace-orthogonal 
vector field Ka := Q^'^DaU). Thus by determining those conformal Killing vectors Ka for 
which fl^Ka is a gradient, we obtain a class of functions u, and the ambiguity in the 
conformal factor is represented by those of these functions that solve (14. 9p . too. It might 
be worth noting that in the Cartesian coordinates {x^} of the flat 3-space (E, hab) the 
solution u can be given explicitly. In fact, in terms of the rescaled (flat) metric (14.91) and 
(I4.10p take the form 

b.b^Lo--^ = 0, babbto - habbeb'tu = 0. 

Then the solution of these equations is cu = C5ij(x' -|- C^){x^ + C^) for some constants C 
and C\ 

Thus, to summarize, the boundary condition that specifies the conformally constant 
spinor fields among the solutions of the Witten equation is (14. 4p . where the functions a 
and P are solutions of the differential equations 

6e6^a-iyp - (3^ = -GabV^v'', (4.11) 
5a(3 - I35aa - ua'dba = -Gbcv'K- (4-12) 

Since In Vt and v'^{Df. In Q) solve these, we know that such a and /3 exist; i.e. our boundary 
condition can always be imposed. The solution determines a conformal factor on S in 
a unique way such that the corresponding conformal rescaling yields a fiat 3-space and 
a constant spinor field. Although the solution (a, /3) of (I4.1ip -( l4.12p is not unique, the 
ambiguity is completely controlled by the function which solves (I4.9p - (l4.10p . The 
meaning of this u is, however, only a 'pure gauge', telling us which fiat 3- metric is chosen 
to be the 'reference' with respect to which the physical metric is conformally flat. 

5 Summary and conclusions 

In certain physical problems and in the study of the structure of the field equations it is 
useful to reduce the gauge freedom of the theory by some appropriate gauge condition. 
On a spacelike hypersurface this could be the use of the orthonormal triad field coming 
from the spinor fields solving the Witten equation, or the triad field satisfying the so- 
called special orthonormal frame gauge condition. These conditions take the form of 
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some elliptic partial differential equations, thus their solutions can be controlled by the 
boundary condition. However, for general boundary conditions the triad fields (either 
built from the solution of the Witten equation or satisfying the frame gauge condition) 
can be degenerate. Thus the proper gauge condition should consist of the elliptic p.d.e. 
and the boundary conditions selecting the globally nonsingular ones from the infinitely 
many solutions. 

In the present paper these boundary conditions were investigated on maximal, glob- 
ally intrinsically conformally flat spacelike hyper surf aces. (Such hypersurfaces are e.g. 
the Reissner-Nordstrom, the Brill-Lindquist and the Bowen-York initial data sets for 
finitely many black holes in asymptotically flat spacetimes.) On such hypersurfaces the 
two gauge conditions above are equivalent, and hence can be studied simultaneously. We 
determined the boundary conditions that characterize (1) the constant spinor fields on 
compact domains in intrinsically and extrinsically fiat hypersurfaces, and (2) the con- 
formally constant spinor fields on compact domains in maximal, intrinsically globally 
conformally fiat spacelike hypersurfaces (provided the Hamiltonian constraint holds and 
the weak energy condition is satisfied). Thus, in particular, the special orthonormal frame 
gauge condition can always be satisfied by globally non-degenerate frames on arbitrary 
compact domains in such hypersurfaces. 

The exact solutions of subsections of I3.2f[33] show that many of the 'natural' bound- 
ary conditions (appearing in various special problems) yield a degenerate triad field. In 
addition, the example of the Reissner-Nordstrom (and the more general Brill-Lindquist 
and Bowen-York) data sets show that there is a (still not quite well understood) in- 
terplay between the boundary conditions, the global topology of the hypersurface and 
the existence/non-existence of zeros of the solutions of the Witten equation: the bound- 
ary conditions on the different connected components of the boundary cannot be chosen 
independently. 
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